I. INTRODUCTION
Finding good interleavers for turbo codes is a crucial requirement to improve their performance.
Optimizing the distance spectrum is a widely used method to accomplish this.
To determine exactly the distance spectrum, the well known Garello's method is used [1] . However, for large interleaver lengths and distances higher than about 40, it is very computational demanding.
Even for smaller distances the search of interleavers by optimizing the distance spectrum can pose problems when the number of interleavers in a certain class is too large. This has motivated the reduction of search complexity by the method presented in this paper.
In the following, we present QPP (Quadratic Permutation Polynomials) based interleavers which have been proposed by Sun and Takeshita [2] and which are used in LTE (Long Term Evolution) standard [3] , due to their generation simplicity and the ability to result in very good performances of bit and/or frame error rates (BER / FER).
A QPP interleaver of length L is described by:
where 1 q and 2 q are chosen so that the quadratic polynomial in (1) is a permutation polynomial and 0 q only determines a shift of the permutation elements. In the LTE standard only QPPs with 0 0 q = are considered.
In [4] it was proved that there are lengths in the LTE standard for which the QPP based interleavers can be improved.
In [5] Takeshita gave examples of good interleavers with the largest D parameter or spreading factor. It is defined as:
where 
where
The randomizing analysis of these interleavers was made considering the nonlinearity degree [5] . It is demonstrated that the nonlinearity degree of a QPP interleaver is given by [5] :
where "gcd" means "greatest common divisor".
The refined nonlinearity degree ζ' is given by the number of distinct elements of the set {q 2 x 2 (mod L), x=0,1, ..., ζ-1} and is a more appropriate measure for the randomness of QPP interleavers.
For short lengths the method used in [4] consists in searching among QPP interleavers with the largest D parameter those leading to the best distance spectrum (considering the first few terms). These interleavers lead to lowest truncated upper bounds (TUB) of FER. The values of TUB for BER and FER for independent fading channel (as wireless channel) are given by [6] :
( )
where M is the number of terms in the distance spectrum taken into account, d i is the i th distance in the spectrum, w i is the total information weight corresponding to distance d i , N i is the number of code words with distance d i , R c is the coding rate and SNR is the signal to noise ratio. The trellis termination used in the LTE standard is post interleaver, transmitting the termination bits of the second trellis. Since the turbo code in the LTE standard uses a component code with memory 3, the coding rate is calculated by:
However, for medium and large lengths the complexity of this method has to be reduced in order to find better QPPs in a reasonable time interval. This paper proposes an improvement of the method in [4] , by reducing its complexity, allowing its application also for longer lengths.
The paper is structured as follows. Section II presents the improved method for searching interleavers from a certain class and numerical results regarding the QPP coefficients are given by searching in three QPP classes. These numerical results consist in: QPP coefficients, TUB(BER) and TUB(FER) values, the D parameter, and the number of polynomials resulted for a certain length from that class. Section III presents simulation results for several cases, and section IV concludes the paper.
II. IMPROVED METHOD AND NUMERICAL RESULTS
The method used in [4] to find QPPs with improved performances involved calculation of distance spectra using Garello's method [1] . This was applied for each QPP (as in the first method in [7] ) or for a group of QPPs leading to identical permutations, with the largest spreading factor (D) (according to the condition provided in [8] and independently in [4] ).
A reduction of the number of QPPs (or, in general, of the permutation polynomials) for which the distance spectrum is calculated has been given in [9] . One can note that for classical symmetric turbo codes (identical recursive convolutional codes parallel concatenated) the inverse interleaver results in the same distance spectrum. Thus, if a QPP admits an inverse QPP, different from the initial one or from one equivalent to it, then the distance spectrum was calculated only once for each group of such four QPPs.
In this paper, we propose an improvement of this method of interleaver search from a certain set (particularly, in a QPP set), speculating Garello's algorithm, to determine the distance spectrum. As proposed in [1] or implemented in C language in [10], the algorithm involves the update of the first few terms of the distance spectrum by following the trellis corresponding to the component convolutional code from its end towards its beginning and achieving constrained subcodes.
In the following we present the search algorithm particularized for QPP based interleavers, although it can be applied to any other class of interleavers.
After finding all QPPs from a certain set, we determine the distance spectrum using the complete leading to a lower TUB(FER) exists at a step closer to the beginning of the trellis, we check at each step if the improving of distance spectrum with M terms leads to a lower TUB(FER). In the first case the update of the spectrum is made as
The multiplicity for the first distance is set to the most favorable case, i.e. 1, and the other 1 M − multiplicities are updated similar to the distances, that is
For a TUB(FER) larger than FER min , the spectrum update continues until ( )
with multiplicities
This is the last from the most optimistic cases of spectrum update.
If for one of these spectrum updates a TUB(FER) lower than FER min results, we continue with spectrum determination at the next step in the trellis. In this way we can get the complete distance spectrum and the corresponding value of TUB(FER) will be assigned to FER min . Otherwise, no other spectrum update will lead to a lower TUB(FER) and we quit calculating the distance spectrum and move to the next group of equivalent QPPs. The method can be easily implemented by a simple change of the function "gamma" in
[10].
The complexity reduces in this way, especially if the QPPs from the set in which we search are in descending order of TUB(FER) performances and if the error patterns that lead to the smallest distances are located towards the end of the trellis. The search is performed by computing the distance spectra.
Below we present the search results for three classes of QPPs. These classes are those with the largest spread QPP (LS-QPP), with the D parameter equal to that of LTE interleaver (D LTE -QPP), and the class consisting of all QPP interleavers for lengths up to 1008. Table I gives the QPPs in the LTE standard and those found out by optimizing the distance spectrum for Rayleigh fading channel among the largest spread QPPs (LS-QPPs) set, using the method previously described. The considered lengths are from 40 to 1504. The results for improved interleavers for lengths up to 512 are given in [4] Since the length of QPP based interleaver is increased (having influence on the computing time in
Garello's method), the number of distances was considered at least 3 until the length of 816. For greater lengths only the first term in the distance spectrum was taken into account.
From Table I we can see that in many cases the resulting TUB(FER) are significantly lower than those for LTE-QPPs (lengths marked in gray). However, this does not mean better FER performance for longer lengths, where another approach should be considered. For large lengths the maximization of the D parameter is not important, but we have to take into account the multiplicities in the distance spectrum [5] .
As in [4] , when the FER min value results greater than FER_LTE, the search is done over all QPPs having the parameter D greater or equal to that for LTE-QPP. The results are given in Table II .
In Table III However, it can also affect the performance for smaller lengths. The results are given in Table IV . For comparison with the results in [4] , the search results for lengths from 40 to 512 are also given. This table presents the same quantities as Table I , plus the value of ζ', for both interleavers at each length.
In further analysis we compute the ratio between the TUB(FER) values of the first interleaver and the second one. The second interleaver is considered to be better than the first one if the ratio is higher than 1, weaker if the ratio is less than 1, and equally good when the ratio is equal to 1. When the ratio of TUB (FER) values is greater than 2, it means that there is a significant improvement (proven in [4] by simulation for length 40).
From For a single length (i.e. 504) an interleaver as good as one in the LTE standard, but weaker than that LSQPPs-TUB (FER)min was obtained.
For a single length (i.e. 72) an interleaver weaker than that in the LTE standard was obtained, but better than that LS-QPPs-TUB(FER)min.
For a single length (i.e. 168) an interleaver weaker than that in the LTE standard and as weak as that LSQPPs-TUB(FER)min was obtained. We mention that for this length the LTE-QPP interleaver is reducible to a linear one, and the search was made only among QPP interleavers irreducible to linear permutation polynomial (LPP) based interleavers.
For a single length (i.e. 144) an interleaver weaker than that in the LTE standard and that LS-QPPs-TUB(FER)min was obtained.
Finally, Table V gives the QPP interleavers with lengths from the LTE standard from 40 up to 1008, leading to minimum TUB(FER) for a number of distances in distance spectrum, among all QPP interleavers of a given length (denoted by QPP-TUB(FER)min interleavers). 
III. SIMULATION RESULTS
In this section simulation results are given in some representative cases for four interleaver lengths. We simulated LTE and TUB(FER)min interleavers from the following classes:
-with the largest D parameter (LS-QPP);
-with the D parameter equal to that of the LTE interleaver (D LTE -QPP);
-all QPP interleavers for a certain length.
All the considered QPP interleavers are irreducible to LPP interleavers.
The channel is modeled with independent Rayleigh fading. The decoding algorithm is Log-MAP, with iteration stop criterion based on LLR magnitude (the iterations are stopped when the magnitudes of all the LLR values are greater than a threshold equal to 10). At least 100 erroneous frames are simulated, excepting for some high SNR values, when the number of erroneous frames was still greater than 50. The figures containing the simulated FER curves also show the D parameters of each interleaver.
The lengths of interleavers we have considered are shown below.
A. The length of the simulated interleavers is 448. Their performances are shown in Figure 3 .
We note that the best performance is achieved by the LS-QPP interleaver with minimum TUB(FER),
followed by the interleaver with the best distance spectrum among all interleavers, and then by the LTE interleaver. Although the minimum distance of the second interleaver is higher than that of the LS-QPP with minimum TUB(FER) (28 vs. 25), its FER performance is weaker. An explanation is given by the interpretation of TUB(FER) curves for 3 and 9 terms of distance spectrum, given in Figure 4 . We note that for LS-QPP-TUB(FER)min and LTE interleavers (which, for this length also belong to the LS-QPP class) the TUB(FER) curve is almost the same, while for the QPP-TUB(FER)min interleaver this quantity is significantly smaller for 9 terms comparing to that for 3 terms. This happens due to large multiplicities for large distances from the minimum distance. This fact is influenced by the larger D parameter for the LS-QPP interleaver compared to that of the QPP-TUB(FER)min (28 vs. 14). The fact that the LTE interleaver has the same D parameter as the LS-QPP-TUB(FER)min, but significantly weaker performance, justifies the search among interleavers with the same D parameter, by improving the distance spectrum with a reasonable number of terms.
The D LTE -QPP-TUB(FER)min interleaver was not longer simulated for this length, because it has the same D and ζ' parameters as the LTE interleaver and leads to the same minimum distance and the same multiplicities.
B. The length of the simulated interleavers is 624. Their performances are shown in Figure 5 .
We notice that the best performance is obtained by the LTE interleavers with the best distance spectrum for the same parameter D = 22 (D LTE -QPP-TUB(FER)min). The interleaver with the best distance spectrum among all interleavers has the parameter D = 18 and the weakest performance, while the LS-QPP interleaver with the best distance spectrum with parameter D = 26 (the largest) has slightly better performance. We mention that the interleaver with the best distance spectrum among all interleavers leads to the minimum distance 31, with multiplicity 1. This minimum distance is the largest among the simulated interleavers of length 624. This shows that only the minimum distance or even the distance spectrum with a small number of terms is not a good indicator for turbo code performance. Conveniently choosing the D parameter significantly improves the performance.
C. The length of the simulated interleavers is 1008. Their performances are shown in Figure 6 .
Although the TUB(FER) for the D LTE -QPP interleaver with minimum TUB(FER) is significantly lower than that for the LTE interleaver (see Table IV ) for one term in distance spectrum, in simulation the performance difference is small. This is because the second term in the distance spectrum for the searched interleaver with the same D parameter as the LTE interleaver is equal to the first term in the distance spectrum for the the second interleaver (i.e. 30/322/644), thus reducing the performance of the first one.
The performance of the interleaver with the best distance spectrum (one term) from all the QPP Note that the D LTE -QPP-TUB(FER)min interleaver leads to superior performance than the LTE one at high SNR (lower error floor), because of the same parameters D and ζ' and larger minimum distance (27 vs 23).
IV. CONCLUSIONS
An improved method to search interleavers from a certain set was proposed using Garello's method to determine the distance spectrum. Its complexity is reduced, allowing to find interleavers for lengths up to about 1500 in a reasonable time period for sets containing up to few hundreds interleavers.
The search method was applied to QPP interleavers from the classes LS-QPP, QPP interleavers with the D parameter equal to that in LTE standard and highest refined nonlinearity degree and, finally, the whole class of QPP interleavers. Numerical results are given for the first two classes up to the length 1504, and for the last one up to the length 1008. It was found that the first 78 lengths (up to the length 800), excepting 17 lengths, the LTE interleaver is part of the class LS-QPP, making the QPP search more suitable by optimizing distance spectrum in this class.
With few exceptions, the LS-QPP interleavers with larger lengths lead to weaker BER/FER performances, so that the search in the QPP class with the D parameter equal to that of LTE interleaver is more appropriate.
The search in the class of all QPP interleavers, by optimizing the distance spectrum with a reasonable number of terms, do not lead most of the times to interleavers superior in terms of FER performance, because their D parameter is too small. The simulation results in Section III, for some representative cases, confirm what was previously stated.
Finally, it should be noted that the improved search method of interleavers from a certain class, optimized by distance spectrum can also be applied for known methods for estimating the minimum distance, when
Garello's method is very computational demanding. These methods are double or triple impulse methods (DIM, TIM) [12] , and full range double or triple impulse methods (DIMK, TIMK, TIMKK) [13] . Legend LS-QPP-TUB(FER)min with TUB(FER) significantly smaller than that of LTE-QPP Legend (for lengths from 40 up to 512):
LS-QPP-TUB(FER)min with TUB(FER) greater than that of LTE-QPP
Better than LTE-QPP and as good as LS-QPP-TUB(FER)min Better than LTE-QPP and better than LS-QPP-TUB(FER)min As good as LTE-QPP and better than LS-QPP-TUB(FER)min As good as LTE-QPP, but weaker than LS-QPP-TUB(FER)min Better than LTE-QPP, but weaker than LS-QPP-TUB(FER)min Weaker than LTE-QPP, but better than LS-QPP-TUB(FER)min Weaker than LTE-QPPand weaker than LS-QPP-TUB(FER)min Weaker than LTE-QPP but as weak as LS-QPP-TUB(FER)min 
